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A theorem has been proved which gives us an opportunity to investigate the properties of
in-period transformations of periodic differential systems.
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1. Introduction
The presence of symmetries in any kind of physical or mathematical system makes the investigation of the system
easier. The first author of this work introduced the notion of a reflecting function for the systematic investigation of time
symmetries in differential systems [1].
The theory of the reflecting function (RF) gives us a methodology for searching for different kinds of symmetries in
differential systems and therefore it allows us to present and solve some new problems for differential systems. This work
provides such an example. Other examples can be found in [1–4] and also in the works of L.A. Alsievich, O.A. Kastritsa, S.V.
Mayorauskaya, E.V. Musafirov, T.V. Varenikova, P.P. Veresovich, Zhengxin Zhou and others.
Readers can become acquainted with the theory of RF, results of its applications and associated literature at the web-site
http://reflecting-function.narod.ru.
Let us give here some information which is necessary for a proper understanding of this work.
For the system
dx
dt
= X(t, x), t ∈ R, x ∈ D ⊂ Rn, (1)
with continuously differentiable X(t, x) and general solution in the Cauchy form ϕ(t; t0, x0), the reflecting function F(t, x)
is defined by the formula F(t, x) := ϕ(−t; t, x).
The differentiable function F(t, x) is the RF of the system (1) if and only if this function is the solution of the basic relation
∂F
∂t
+ ∂F
∂x
X(t, x)+ X(−t, F) = 0, F(0, x) ≡ x.
If F(t, x) is a RF of the system (1), then for every solution x(t), t ∈ (−τ ; τ), the identity x(−t) ≡ F(t, x(t)) holds. Therefore
if X(−t, x) ≡ −X(t, x), then the formula F(t, x) ≡ x gives us the RF of the system (1) and every solution x(t) of the system
is even, provided that it exists at the point t = 0.
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Later on we shall consider the 2ω-periodic system (1), that is we assume that
X(t + 2ω, x) ≡ X(t, x).
In this case F(−ω, x) ≡ ϕ(ω;−ω, x) is the transformation in period [−ω;ω] for the system (1). Therefore the solution
ϕ(t;−ω, x0) of the system (1) is 2ω-periodic if and only if F(−ω, x0) = x0. The stability character of the solution coincides
with that of the fixed point x0 for the transformation x → F(−ω, x).
For this reason, departing from tradition, the in-period transformation (the Poincaré mapping) that we adopt is in the
period [−ω;ω] and not in the period [0; 2ω] [5].
2. The main result
Lemma. Let u(t, x) := (u1(t, x), . . . , ur(t, x))T be an aggregate (column) vector that is differentiable and even with respect to
t functions for which
∂u
∂t
+ ∂u
∂x
X(t, x) ≡ f (t, u(t, x)), (2)
where f (t, u) is odd with respect to the t vector function. Then every function ui(t, x), i = 1; r, is a stationary first integral [6,7]
of the system
dx
ds
= Xe(t, x) := 12 [X(t, x)+ X(−t, x)], (3)
where s is an independent variable which does not depend on t and t is a parameter.
Proof. The function X(t, x) can be written in the form X(t, x) = Xe(t, x)+ Xo(t, x), where functions Xe(t, x) := 12 [X(t, x)+
X(−t, x)], Xo(t, x) := 12 [X(t, x) − X(−t, x)] are even and odd with respect to t . From identity (2), using the evenness of
u(t, x)we can obtain two identities for even and odd functions. That for the even function has the form
∂u(t, x)
∂x
Xe(t, x) ≡ 0.
This identity says that every ui(t, x), i = 1; r , is a first integral of the system (3). The lemma is proved. 
Theorem. Suppose that for stationary first integrals that are even with respect to t, u(t, x) := (u1(t, x), . . . , ur(t, x))T for the
system (3), the identity (2) holds, where f (t, u) is odd with respect to t. Then for every solution x(t) of the system (1) extendable
on [−ω,ω] the relation
u(ω, x(ω)) = u(ω, x(−ω)) (4)
holds true.
Proof. Let x(t) be a solution of (1) extendable on [−ω,ω]. Then y(t) := u(t, x(t)), according to (2), is a solution of the
system dydt = f (t, y), where f (t, y) is odd with respect to t . Therefore [1,2] all the solutions y(t) ≡ u(t, x(t)) of the system
are even, that is u(t, x(t)) ≡ u(−t, x(−t)). From this, because u(t, x) is even with respect to t , we obtain the statement of
the theorem. 
3. Discussion of the usefulness of the theorem
This theorem gives us an opportunity to investigate the properties of a transformation in period [−ω,ω] of the
2ω-periodic system (1) and the stability of periodic solutions of such systems. As an example we consider the 2ω-periodic
system with continuous right-hand side
dx
dt
= [α − c(t) cos t]x+ 2b(t)y, dy
dt
= 2c(t)x+ [α − b(t) cos t]y, (5)
where
b(t)+ c(t) ≡ sin t
4− cos2 t , (6)
and α := α(t, x2 + xy cos t + y2) is continuous and odd with respect to the t function.
(3) for this system has the form
dx
ds
= (−ce(t) cos t)x+ 2be(t)y, dyds = 2ce(t)x− (be(t) cos t)y, (7)
where, according to (6), be(t) ≡ −ce(t) ≡ − c(t)+c(−t)2 .
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System (7) is a linear autonomous system. The function u := x2+ xy cos t + y2 is a stationary first integral of the system.
The identity (2) holds in this case, where f (t, u) = 2uα(t, u).
Then according to the theorem, for every solution (x(t), y(t)) of the system (5) we have the relation x2(ω) +
x(ω)y(ω) cosω + y2(ω) = x2(−ω)+ x(−ω)y(−ω) cosω + y2(−ω).
This means that the transformation in period [−ω,ω] transforms every ellipse u = c2 into itself. Therefore the solution
x(t) ≡ y(t) ≡ 0 of the system (5) is non-asymptotically stable.
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